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Abstract 

An extension B C A oi algebras over a commutative ring k is an 7i-extension for an 
i-bialgebroid 7i if A is an 7i-comodule algebra and B is the subalgebra of its coinvariants. 
It is 7i-Galois if in addition the canonical map A®bA-^A(>^l'H is an isomorphism or, 
equivalently, if the canonical coring {A^^Ti. : A) is a Galois coring. 

In the case of a Hopf algebroid TL = {TLl,'Hr,S), a comodule algebra A is defined as 
an algebra carrying compatible comodule structures over both constituent bialgebroids Hl 
and Hr. If the antipode is bijective then A is proven to be an Hij-Galois extension of its 
coinvariants if and only if it is an Tii-Galois extension. 

Results about bijective entwining structures are extended to entwining structures over 
non-commutative algebras in order to prove a Kreimer-Takeuchi type theorem for a finitely 
generated projective Hopf algebroid TL with a bijective antipode. It states that any 7i-Galois 
extension B C A\s projective, and if A is fc-fiat then already the surjectivity of the canonical 
map implies the Galois property. 

The Morita theory, developed for corings by Caenepeel, Vercruysse and Wang, is applied 
to obtain equivalent criteria for the Galois property of Hopf algebroid extensions. This leads 
to Hopf algebroid analogues of results for Hopf algebra extensions by Doi and, in the case of 
Frobenius Hopf algebroids, by Cohen, Fishman and Montgomery. 

1 Introduction 

An extension B <Z A o{ algebras over a commutative ring k is an i/-extension for a fc-bialgebra 
if A is a right i?-comodule algebra and B is the subalgebra of its coinvariants i.e. of elements 
6 S A such that 6^o) ® ^{i> = b®lH - where the map A A®k H , a ^ a^o) ® is the coaction 
of on A (summation understood). An 77-extension B <Z A \s 7?-Galois if the canonical map 
A®B A A®k H , a® a' ^ ao-'i^) ® is an isomorphism of fc-modules. 

In many cases it is technically much easier to check the surjectivity of the canonical map than 
its injectivity. A powerful tool in the study of if-extensions is the Kreimer-Takeuchi theorem 
|27j stating that if is a finitely generated projective Hopf algebra then the surjectivity of the 
canonical map implies its bijectivity and also the fact that A is projective both as a left and as a 
right i?-module. 

The proof of the Kreimer-Takeuchi theorem went through both simplification and generaliza- 
tion in the papers |32 [ [34 l fTT l l33). In the present paper we adopt the method of Brzezihski [11] and 
of Schauenburg and Schneider [33], who used the following observation. A comodule algebra A for 
a bialgebra H determines a canonical entwining structure [13] consisting of the algebra A, the coal- 
gebra underlying the bialgebra H, and the entwining map H ®kA ^ A®kH , h®a^ a(o) ®ha/^iy 
In the case when the bialgebra H possesses a skew antipode, this entwining map is a bijection. 
The proof of (a wide generalization of) the Kreimer-Takeuchi theorem both in [11] and in [33] 
is based on the study of bijective entwining structures, under slightly different assumptions. In 
Section [4] below we show that these arguments can be repeated almost without modification by 
using entwining structures over non-commutative algebras [5]. 
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In the paper [23] Doi constructed a Morita context for an 77-extension B C A. If iJ is finitely 
generated and projective as a fc-module then the surjectivity of one of the connecting maps is 
equivalent to the projectivity and the Galois property of the extension B C A, while the strictness 
of the Morita context is equivalent to faithful flatness and the Galois property. This observation 
made it possible to use all results of Morita theory for characterizing iJ-Galois extensions. In the 
case when H is a finite dimensional Hopf algebra over a field (or a Frobenius Hopf algebra over a 
commutative ring), the Morita context of Doi is equivalent to another Morita context, introduced 
by Cohen, Fishman and Montgomery |22) . 

One of the most beautiful applications of the theory of corings [16] is the observation [10] that 
the Galois property of an 7?-extension B C A is equivalent to the Galois property of a canonical 
^-coring A(^ H. In [2^ the construction of the Morita context by Doi has been extended to any 
^-coring C possessing a grouplike element (i.e. such that A is a C-comodule). In the case when 
C is a finitely generated projective A-module (or an A-progenerator, see [17]) the application of 
Morita theory yields then several equivalent criteria for the Galois property of the coring C and 
the projectivity (or faithful flatness) of A as a module for the subalgebra of coinvariants in A. In 
the case when the A-dual algebra of the coring C is a Frobenius extension of A, also the Morita 
context in [22] has been generaHzed to the general setting of corings and the precise relation of 
the two Morita contexts has been explained. 

The notion of bialgebra extensions has been generalized to bialgebroids by Kadison [25] as an 
extension B C A of /c-algebras such that A is a comodule algebra and B is the subalgebra of 
coinvariants. The Galois property of a bialgebroid extension can be formulated also as the Galois 
property of a canonical coring. This impHes that the general theory, developed in [20], can be 
applied also to bialgebroid extensions. 

In the present paper we study Hopf algebroid extensions. The notion of Hopf algebroids has 
been introduced in [9] [4] and studied further in [6] . It consists of two compatible (left and right) 
bialgebroid structures on the same algebra which are related by the antipode. 

In Section [3] a comodule of a Hopf algebroid is defined as a pair of comodules for both con- 
stituent bialgebroids Hl and Hb, in such a way that the T^^-coaction is Hi-coHnear and the 
HL-coaction is H_R-coHnear. In particular, a comodule algebra A of a Hopf algebroid is defined 
as an algebra carrying the structure of a compatible pair of comodule algebras of the constituent 
bialgebroids. If the antipode of a Hopf algebroid Ti, is bijective, then we prove that the Hr- and the 
Tii-coinvariants of any H-comodule algebra A coincide. What is more, we show that in this case 
A is a Galois extension of its coinvariant subalgebra hy Hl if and only if it is a Galois extension 
by Hr. 

In Section |4] it is shown that - just as in the case of Hopf algebras - if H is a Hopf algebroid 
with a bijective antipode then the canonical entwining structure (over the non-commutative base 
algebra of Tl), associated to an 7i-comodule algebra, is bijective. This fact is used to prove a 
Kreimer-Takeuchi type theorem. 

In Section [5] we apply the Morita theory for corings to a Hopf algebroid extension B C A, 
looked at as an extension by the constituent right bialgebroid Hr. In the finitely generated 
projective case this results in equivalent criteria, under which B C A is a projective HR-Ga\ois 
extension. Similarly, we can look at i? C A as an extension by the constituent left bialgebroid 
Hl and obtain equivalent conditions for its projectivity and Hl -Galois property. Making use of 
the results about Hopf algebroid extensions in Section [Sj and the Kreimer-Takeuchi type theorem 
proven in Section IH we conclude that if H is a finitely generated projective Hopf algebroid with a 
bijective antipode then the two equivalent sets of conditions are equivalent also to each other. In 
the case of Frobenius Hopf algebroids [^ we obtain a direct generalization of ([22], Theorem 1.2). 

Throughout the paper fc is a commutative ring. By an algebra R = (i?, fi, rj) we mean an asso- 
ciative unital fc-algebra. Instead of the unit map rj we use sometimes the unit element 1r : = r]{lk). 
We denote by rM, Mr and R^AR the categories of left, right, and bimodules for R, respectively. 
For the fc-module of morphisms in rM, Mr and rMr we write flHom( , ), Homfl( , ) and 
flHomfl( , ), respectively. 
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2 Preliminaries 

2.1 Bialgebroids and Hopf algebroids 

L -bialgebroids [Ml [SSI [36l [30] or, what were shown in [14] to be equivalent to them, x ^ -bialgebras 
[38] are generaHzations of bialgebras to the case of non-commutative base algebras. This means 
that instead of coalgebras and algebras over commutative rings, one works with corings and rings 
over non-commutative base algebras. Recall that a coring over a fc-algebra L is a comonoid in 
lM. l while an L-ring is a monoid in lA^l- The notion of L-rings is equivalent to a pair, consisting 
of a fc-algebra A and an algebra homomorphism L ^ A. 

Definition 2.1 A left bialgebroid is a 6-tuple Ti. = (H, L, s, t, 7, tt), where H and L are fc-algebras. 
if is an L f L°P-rmg via the algebra homomorphisms s : L ^ H and t : L°p H, the images of 
which are required to commute in H. In terms of the maps s and t one equips H with an L-L 
bimodule structure as 



l-h-l' : ^ s{l)t{l')h for h e H, 1,1' e L. (2.1) 

The triple {H,j,n) is an L-coring with respect to the bimodule structure l|2.ip . Introducing 

Sweedler's notation j{h) = h(i) f /i(2) for h £ H (with implicit summation understood), the 
axioms 

hl)mfh^2) = /l(l)?/i(2)S(0 (2.2) 

7(1h) = IffflH (2.3) 

7(M') - lihhih') (2.4) 

n{lH) = II (2.5) 

TT {h soTr{h')) = nihh') ^Tr{h to7r(/i')) (2.6) 

are required for all Z € L and h,h' G H. 

Notice that - although H f H is not an algebra - axiom l|2.4p makes sense in view of l|2.2p . 

The bimodule (|2.ip is defined in terms of multiplication by s and t on the left. The R-R 
bimodule structure in a right bialgebroid Ti. = {H, R, s, t, 7, tt) is defined in terms of multiplication 
on the right. For the details we refer to [26] . 

The opposite of a left bialgebroid Ti. = {H, L, s, t, 7, tt) is the right bialgebroid = {H°p, L,t,s, 
7, tt) where H°p is the algebra opposite to H. The co- opposite of Ti, is the left bialgebroid 
Ticop = {H, L°P, t, s, 7°P, tt) where 7°^ : H ^ H ®p H \s the opposite coproduct h ^ h[2) ^{i)- 

It has been observed in [26] that for a left bialgebroid H = {H, L, s,t,j,n), such that H is 
finitely generated and projective as a left or right L-module, the corresponding L-dual possesses a 
right bialgebroid structure over the base algebra L. Analogously, the i?-duals of a finitely generated 
projective right bialgebroid over R possess left bialgebroid structures. For the explicit forms of 
the dual bialgebroid structures consult |26| . 

Before defining the notion of a Hopf algebroid, let us introduce some notations. Analogous 
notations were used already in [9l [6] . 

When dealing with an L f L°P-nng H, we have to face the situation that H carries different 
module structures over the base algebra L. In this situation the usual notation H f H would 
be ambiguous. Therefore we make the following notational convention. In terms of the algebra 
homomorphisms s : L ^ H and t : L°p — > H (with commuting images in H) we introduce four 
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L-modules 



lH: 


I ■ 


h 


= s{l)h 


Hl ■ 


h 


■ I 


= t{l)h 


: 


h 


■ I 


= hs{l) 




I ■ 


h 


= ht{l). 



(2.7) 

This convention can be memorized as left indices stand for left modules and right indices stand for 
right modules. Upper indices refer to modules defined in terms of right multiplication and lower 
indices refer to the ones defined in terms of left multiplication. 

In writing L-module tensor products, we write out explicitly the module structures of the 
factors that are taking part in the tensor products, and do not put marks under the symbol ®. 
E.g. we write Hl ® lH. In writing elements of tensor product modules we do not distinguish 
between the various module tensor products. That is, we write both h f h' € Hl ® lH and 
g f g' & H^ (g) lH, for example. 

A left L-module can be considered canonically as a right L°P-module, and sometimes we want 
to take a module tensor product over L°p. In this case we use the name of the corresponding 
L-module and the fact that the tensor product is taken over L°p should be clear from the order 
of the factors. 

In writing multiple tensor products we use different types of letters to denote which module 
structures take part in the same tensor product. 

Definition 2.2 A Hopf algebroid H = {HljHr, S) consists of a left bialgebroid Hl = {H,L,sl^ 
tL,jL,'^L) and a right bialgebroid Hr = (if, i?, s/j, t_R, 7/?, TTfl), with common total algebra H, 
and a /c-module map S : H ^ H, called the antipode, such that the following axioms hold true0: 

i) SL oT'L o tR = tR, tL o TTL o SR ^ SR and 

SROTTROtL ^ tL, tROTTRO SL ^ Sl; (2.8) 

ii) ilL <E) ^H) o^R = {Hl ® Jr) o jl as maps H ^ Hl® lH^ ® ^H and 

{iR ® lH) o 7i = (iJ (Xi 7l) o IR. as maps H ^ H^ ®^Hl® lH; (2.9) 
Hi) S is both an L-L bimodule map ^ Hl lH^ and an R-R bimodule map 

"^Hr ^ flLf^- (2.10) 

iv) fiH o (S I® lH) ojl ^ srottr and 

fiH°{H" (giS)ojR^SLOTrL. (2.11) 

UH = {Hl,Hr, S) is a Hopf algebroid then so is H°^p = {{Hr)°^p, {Hl)°c^p, S) and if S is bijective 
then also Heap = ((Hl)cop, {Hr)cop, S-^) and = ((Hfl)°P, (Hl)°^ S'^). 

We are going to use the following variant of the Sweedler-Heynemann index convention. For a 
Hopf algebroid H ~ (HltHr, S) we use the notation 7l(^) = ® ft.(2) with lower indices and 
7fi(/i) = h'-^^ (g) /i(^) with upper indices for h £ H in the case of the coproducts of Hl and Hr, 
respectively. In both cases implicit summation is understood. Axioms l|2.9p read in this notation 
as 

for heH. 

It is proven in ([6], Proposition 2.3) that the base algebras L and R of the left and right 
bialgebroids Hl and Hr in a Hopf algebroid H are anti-isomorphic via any of the isomorphisms 
ttl o sr and ttl o tR. The antipode is a homomorphism of left bialgebroids Hl {'HrJcop 
and also {Hr)"^^ ^ TYl in the sense that it is an anti- algebra endomorphism of H and the 



^An equivalent set of axioms is obtained by requiring S to be only an R-L bimodule map, see Remark 2.1 in [7]. 
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pair of maps (5, ttl o sj^) is a coring homomorphism from the i?°P-coring {H,^°j^ .ttr) to the L- 
coring (iJ, jL,TrL) and the pair of algebra homomorphisms (5, ttr osl) is a coring homomorphism 

We term a Hopf algebroid 7i, for that all modules , ^H, Hl and lH is finitely generated 
and projective, as a finitely generated projective Hopf algebroid. 

Left integrals in a left bialgebroid Hl are defined ([9], Definition 5.1) as the invariants of the 
left regular _ff-module i.e. the elements of 

C{H): = { e e H \ hi = SLOTTLih) e VheH}. 

By ([6], Scholium 2.8) an element ^ of a Hopf algebroid 7i is a left integral if and only if hi'-^^ f 
S'(^(2)) = £W I S{i^^'>)h for all heH. 

A left integral ^ in a Hopf algebroid H is called non- degenerate ([9], Definition 5.3) if both 
maps 

in: H*: =llomR{H",R) ^ H cj)* ^ (/)* ^ i = e^'^Haocj)* (i^^^) and 

r£: *H: ^ iillom{" H , R) H *0 *0 ^ £ = s_ro*0(£(2)) 

are isomorphisms. By ([9], Proposition 5.10) for a non-degenerate left integral ^ in a Hopf algebroid 
H also the maps 

£l--H^: =}1otl\l{Hl,L) ^ H (j)* ^ ^ ^ = sl°4'*{£(i)) £(2) and 

l£:.H: = LHom(ii/,i) H ,(j> ^ £ ^ = <lo,'/'(^(2)) ^(i) 

are isomorphisms. It is shown in ([6], Theorem 4.7, see also the Corrigendum) that the existence 
of a non-degenerate left integral in a finitely generated projective Hopf algebroid H is equivalent 
to the Frobenius property of any of the four extensions sn : R —>■ H , ta : R°p H, sl ■ L ^ H 
and tL ■ L°P — > H and it implies the bijectivity of the antipode. What is more, if the Hopf 
algebroid H possesses a non-degenerate left integral then also the four duals H* , *H, and 
possess (anti-) isomorphic Hopf algebroid structures with non-degenerate integrals ([9], Theorem 
5.17 and Proposition 5.19). Motivated by these results we term a Hopf algebroid possessing a 
non-degenerate left integral as a Frobenius Hopf algebroid. Recall from [37] that a Frobenius Hopf 
algebroid is equivalent to a distributive Frobenius double algebra. 

2.2 Module and comodule algebras 

The category of left modules for the total algebra i? of a left bialgebroid i, s, t, 7, tt) is 
a monoidal category. As a matter of fact, any If -module is an L-L bimodule via s and t. The 
monoidal product in h-M is the L-module tensor product with i/-module structure 

h-{mfn): ^ ■ to f h^2) -n for h £ H, m f n € M f N 

and the monoidal unit is L with i/-module structure 

h-l: =Tr{hs{l)) for he H,l e L. 

A left H -module algebra is defined as a monoid in the monoidal category h-M. A left H -module 
algebra A is in particular an L-ring via the homomorphism 

L ^ A 

The invariants of A are the elements of 

A" : ^{aeA\h-a^ so7r(/i) - a \/he H }. 

Just in the same way, the category Mh oi right modules for the total algebra H oi a right 
i?-bialgebroid is a monoidal category with monoidal product the i?-module tensor product and 
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monoidal unit R. A right i?-module algebra is a monoid in Mh- A right module algebra is in 
particular an i?-ring. The invariants are defined analogously to the left case in terms of the counit. 

By a comodule for a left bialgebroid Ti, = {H, L, s, i, 7, tt) we mean a comodule for the L-coring 
(iJ, 7, tt). Recall that the category of left 7i-comodules is also a monoidal category in the following 
way. Any left H-comodule (M, r) can be equipped with a right L-module structure via 

m-l: = 7r(m^_i^s(Z)) • m^o) for m G Af, IeL (2-12) 

where ti^.i) f m^g) stands for T(m) (summation understood). Indeed, l|2.12p is the unique right 
action via which M becomes an L-L bimodule and r becomes an L-L bimodule map from lMl to 
the Takeuchi product H x^M. Recall from [38] that 77 x l M is the L-L submodule of ifff (8) i,M 
the elements J^i f "^j of which satisfy 

"^h.fmi-l^Y^ h,t{l) f m^ for I <E L. (2.13) 

i i 

This observation amounts to saying that our definition of left Ti-comodules is equivalent to ([30]. 
Definition 5.5). Hence, without loss of generality, from now on we can think of a comodule in 
this latter sense. On the basis of ([30], Definition 5.5) the category of left Ti -comodules was 
shown in ([30], Proposition 5.6) to be monoidal. The monoidal product is the L-module tensor 
product with comodule structure 

MfN-^HfMfN mfn^ m(_i)n(_i) f m^o) f n(o> 

and the monoidal unit is L with comodule structure 

L^ Lf H ^ H l^s(l). 

Following ([30], Definition 5.7), a left comodule algebra for a left bialgebroid H is a monoid in 
the monoidal category ^M. Notice that - in view of the equivalence of the two definitions of Ti 
-comodules - this definition of comodule algebras is equivalent to ([12], Definition 3.4). 

By similar arguments also the category of right 7i-comodules - that is of right comodules for 
the L-coring (iJ, 7,77) - is monoidal. The monoidal product is the L-module tensor product with 
coaction 

MfN^MfNfH mf 771(0) ?«(o) f^{i>™{i> 
and the monoidal unit is L with comodule structure 

L^H l^t{l), 

where the left L-module structure of a right (iJ, 7, 7r)-comodule M is defined as / • m: = m^g) • 
7r(m(i)s(/)). Similarly to the case of left comodule algebras we expect the coaction of a right 
comodule algebra A to be multiplicative - i.e. such that (aa')(o) f (aa')(i> ^ '^(o>'^(o) f '^(i)'^(i) 
for a, a' £ A. Therefore we consider the monoidal category {M^)°^, the monoidal structure of 
which is the opposite of (i.e. it comes from the monoidal structure of lopA1l°p). A right 
7i-comodule algebra is defined as a monoid in the category {A4^)°p. 

Notice that a left 7i-comodule algebra is in particular an L-ring while a right H-comodule 
algebra is an L°P-ring. 

The coinvariants of a left (right) H-comodule algebra {A, t) are the elements of the subalgebra 

A^°": ^{a£A\T{a)^\Hfa] { A^°" : ^ { a £ A \ T{a) = a f Ih } ). 

Recall that for a left L-bialgebroid Ti the left and right L-duals and are rings. There 
is a faithful functor from the category oi right H-comodules to the category M,h oi right 
*iJ-modules which is an isomorphism if and only if the module lH is finitely generated and 
projective. There is a faithful functor also from ^ M. to Mr, which is an isomorphism if and only 
if the module is finitely generated and projective. 

Left and right comodules, comodule algebras and their coinvariants for a right bialgebroid are 
defined analogously. 
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2.3 Entwining structures over non-commutative algebras 

Entwining structures over non-commutative algebras were introduced in [5] as mixed distributive 
laws in the bicategory of [Algebras, Bimodules, Bimodule maps]. This definition is clearly equiva- 
lent to a monad in the bicategory of corings i.e. the bicategory of comonads [35j in the bicategory 
of [Algebras, Bimodules, Bimodule maps]. ExpHcitly, we have 

Definition 2.3 An entwining structure over an algebra i? is a triple (A, C, ip) where A — {A, /i, rj) 
is an i?-ring, C ~ (C, A, e) is an i?-coring and ip is an R-R bimodule map C f A A ^ C 
satisfying 

l/,o(Cf7/)=77fC 

(A f e) o = e f A 

(/xf C)o(Af ^)o(^f A) = ^o(Cf m) 
(A f A) o = (?M C) o (C f V) o (A f A). 

An entwining structure is bijective if ip is an isomorphism. 

It is shown in ([5], Example 4.5) that an entwining structure {A, C, ip) over the algebra R deter- 
mines an ^-coring structure on A^ C with A-A bimodule structure 

ai • (a f c) • 02 = aiaijj{c f 02) for ai,a2 & A, a f c G A f C, 

coproduct Af A and counit Af e. 

Definition 2.4 A right entwined module over an i?-entwining structure (A, C, t/i) is a right co- 
module over the corresponding ^-coring AfC. Explicitly, it is a triple (M, p, r), where (M, p) is a 
right ^-module, making AI in particular a right i?-module. The pair (Af, r) is a right C-comodule 
such that r is a right A-module map i.e. 

T o p = (p f C) o (Af f V') o (r f A). 

A morphism of entwined modules is a morphism of comodules for the ^-coring AfC, that is, an 
A-linear and C-colinear map. The category of entwined modules will be denoted by M'^. 

The coinvariants of an entwined module are its coinvariants for the A-coring A ® C. If the 
i?-coring C possesses a grouplike element, then this the same as C-coinvariants. 

By ([E], 18.13 (2)) the forgetful functor M'^ Ma possesses a right adjoint, the functor 

_fC:MA^M'l {M,p)^{MfC,{pfC)o{Mfi,),MfA), (2.14) 

where the right i?-module structure of Af comes from its A-module structure. What is more, by 
the self-duality of the notion of f?-entwining structures, also ([l^, 32.8 (3)) extends to entwin- 
ing structures over non-commutative algebras. That is, also the forgetful functor — > M'" 
possesses a left adjoint, the functor 

_ fA-.M'^^M^ {M,T)^{MfA, {Mfp), {M f ijj) o {t f A) ). (2.15) 

This implies, in particular, that both AfC and C f A are entwined modules. The morphism -0 
becomes a morphism of entwined modules. 

If the f?-coring C possesses a groupHke element e, then also the ^-coring AfC possesses a 
groupHke element Ia f e. Hence A is an entwined module via the right regular A-action and the 
C-coaction 

A^AfC a^^iefa). 

In this case also the functors 

( _ )™^ : TWS Ma'-'C and _ ^ ■ ■^A-'O (2-16) 
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are adjoints ([E], 28.8). (The entwined module structure of N fo'" ^ right A^°'-^-module 

A^, is defined via the second tensor factor). The unit and the counit of the adjunction are 

TIN --N ^{N AY°^ nv^n and 

for any right ^'^"'^-module and entwined module M. 
2.4 Morita theory for corings 

In the paper [20] a Morita context {A ^ ,*C,A,*C ^ has been associated to an ^-coring 
C possessing a grouplike element e. Here the ring *C ~ yiHom(C, A) is the left A-dual of the 
A-coring C with multiplication {fg){c) ~ g (c^i) • /(c(2)))- The invariants of a right *C-module 
M are defined with the help of the grouplike element e as the elements of 

M'^ : ^ {me M \ m- f ^m-[e{_ )/(e)] V/ G *C }. 

In terms of the grouplike element e, the fc-module A can be equipped with a right *C-module 
structure as 

a-/: =/(e-a) for a e A, / e *C 
The ring ^ is the subring of *C-invariants of A i.e. 

A"" = {beA \ f{e-b)^bf{e) V/ e *C }. 

A is an ^ - *C bimodule via 

b-a-f: ^bf{e-a) ^ f{e-ba) for b e A"'^ ,a e AJ e*C. 

*C ^ is the /c-module of *C-invariants of the right regular *C-module i.e. 

^{qe*C\ f{c(,) ■ q{c^2))) = f{q{c) • e) V/ G *C, c G C }. 

It is a *C - ^ bimodule via 

if-q- b)ic) : = q (c(i) ■ /(c(2))) b for/ G *C, g G b G A'', c G C. 

The connecting maps and /i are given as 

v:A,% *C'^ A'^- a®q^ q{e ■ a) and 

fi : ^C*^ ,%A~.*C qj^^a^ic^ q{c)a ). 

In [20] the following theorem has been proven. 

Theorem 2.5 Let C he an A-coring possessing a grouplike element e, and let (A ^ ,*C, A, *C ,v,^) 
he the Morita context associated to it. 

(1) (]20l. Theorem 3.5). If C is finitely generated and projective as a left A-module (hence the 
categories A4'^ and M'c are isomorphic and the C-coinvariants coincide with the * C -invariants) 
then the following assertions are equivalent. 

(a) The map fi is surjective (and, a fortiori, hijective). 

(b) The functor ( _ )™c : ^ Ma^oc is fully faithful. 

(c) A is a right *C -generator. 

(d) A is projective as a left A'^"'^ -module and the map 

*C ^ A-cEnd(A) / ^ ( a ^-> /(e • a) ) 
is an algebra anti-isomorphism. 
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(e) A is projective as a left A'^"^ -module and the A-coring C with grouplike element e is a 
Galois coring. 

(2) (f20^. Theorem 2.7). If the algebra extension 

A — > *C a i-^ { c e(c)a ) 

is a Frohenius extension with Frohenius system {ip,Ui f Vi) then the Morita context {A '~^,*C,A, 
*C '^,1^, /i) is equivalent to the Morita context {A ,*C , A, A,v' , via the isomorphism 

A — > *C a ^ ( c ^ Vi\c ■ aui{e)] ). 

i 

3 Hopf algebroid extensions 

An algebra extension i? C A is an 7Y_r -extension for a right bialgebroid 7Y_r = [H, i?, s, t, 7, tt) if A 
is a right Tiij-comodule algebra and B is the subalgebra of Tii^-coinvariants of A. In this situation 

- denoting the i?-coring (iJ, 7,7r) by C - the triple {A,'Hji,C) is a Doi-Koppinen datum over R 
in the sense of (|12j. Definition 3.6). This implies that the R-R bimodule map 

il^:H®A^AfH h f a ^ a'^^'^ ® ha'^^^ (3.17) 

gives rise to an entwining structure {A, C, ip) over R. Hence the R-R bimodule A® H possesses 
an ^-coring structure with left and right A-actions 

ai ■ (a f /i) • 02 = aiaaf^ f /laf ^ for ai, a2 G ^, a® h e A® H, 

coproduct A ® J and counit A ® it. This coring possesses a grouplike element I a f 1//- The 
"Hij-extension B C A was termed W_R-Galois in [25] if the ^-coring A® H, associated to it above, 
is a Galois coring. This means bijectivity of the canonical map 

canfl : A® A^ A® H a ® a' ^ aa'<"> f a'<^> . (3.18) 

Analogously, in the case of a right comodule algebra A for the left bialgebroid Hl ~ {H, L, s, t, 7, 
tt) the Tii-Galois property of the extension ^4"^°^^ C A means the bijectivity of the canonical map 

cani : A ^®^^ A-^ A® H a ^®^^ a ^-> a(o)a' f a(i). (3.19) 
This is equivalent to the Galois property of the ^-coring A® H with A- A bimodule structure 

ai- {a® h) ■ a2 = ai(o)aa2 f ai(i)/i for ai,a2 G A, a ® h E A ® H, 

coproduct A® J, counit A® tt and grouplike element 1a f Iff. (Recall from Section [2?2l that by 
our convention A is an L°P-ring in this case.) 

Proposition 3.1 This is withdrawn because of an unjustified step in the proof. 

Withdrawal of Proposition 13.11 means that - although we are not aware of any counterexample 

- it is no longer proven that for a Hopf algebroid Ti. = (Hl, Hi?, S), any 7Yi,-comodule possesses an 
■Hi?-comodule structure, or vice versa. (It is discussed in [71 (arXiv version) Theorem 2.5] under 
what additional assumptions this can be proven.) Therefore, Definition 13.21 and Lemma [3731 need 
to be modified as follows. No other results in the rest of the paper are affected by these changes. 

Definition 3.2 A right comodule for the Hopf algebroid Ti. = {'Hl,'Hr, S) is a triple (M, tl, tr), 
where the pair (M, tr) is a right Tifl-comodule and (M, tl) is a right HL-comodule such that the 
R-R and the L-L bimodule structures of M are related via 

I ■ m ■ I' = TTR o tL{l') ■ m ■ ttro tL{l), (3.20) 
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and the compatibility relations 

{TRf H)0TL^{Mf-iL)0TR (3.21) 

{tl fH)oTR^ (M f 7fl) o TL (3.22) 

hold true. 

The right W-comodule {A, tl, tr) is said to be a right TL-comodule algebra if {A, tr) is a right 
Tifl-comodule algebra and {A, r^,) is a right Tii-comodule algebra. H 

We follow the convention of using upper indices to denote the components of the coaction of a 
right bialgebroid and lower indices in the case of a left bialgebroid. 

Lemma 3.3 Let Ji ~ {TIl,'Hr, S) be a Hopf algebroid with a bijective antipode and let A be a 
right H-comodule algebra. Then the subalgebras of HR-coinvariants and of Ti.L-coinvariants in A 
coincide. Moreover, denoting this coinvariant subalgebra by B, the canonical map 

canR : Af A^ A'i H a f a' ^ aa'^°^ f a'^^'> 
is injective/surjective/bijective if and only if the canonical map 

ca.nL : A^ A^ Af H a f a' >-> a(o)a' f a(i) 

is injective/surjective/bijective. 

For a Hopf algebroid H — {'Hl,'Hr, S) with a bijective antipode, and an 7^-comodule algebra 
A with Hr-, equivalently, Hi-coinvariant subalgebra B, we term the algebra extension i? C ^ an 
H-extension. 

In the case when both canonical maps in Lemma 13.31 are bijective, we say that B C A is an 
H-Galois extension. 

Proof of Lemma \3.3[ For any right 7Y-comodule {M,tl,tr), there exists an isomorphism 
with inverse 

: M f H ^ M f H mf m<"> f S-^{h)m^^\ 

Since <&A/(Ti?(m)) = m ®l and ^Aiim ®r 1h) = TL{m), it follows that in particular the 
Hfl-coinvariants and the T^L-coinvariants of any H-comodule algebra A coincide. 

Using the Hfl-coHnearity of tl, the Hopf algebroid axiom (|2.1ip . the fact that the image of 
Tl is in the Takeuchi product A Xl H, the L°P-ring structure of A and the counitality of tl, one 
checks that for an Ti-comodule algebra (A, tl, tr) the identity <f>A ° canR = can/, holds true. ■ 

Example 3-4 A fc-bialgebra {H, /i, 77, A, e) is an example both of a left- and of a right bialgebroid 
via the correspondence B: = (H, k, rj, rj, A, e). A Hopf algebra {H, ^, rj, A, e, S) is an example of a 
Hopf algebroid via H: = {B, B, S). 

A right i/-comodule (algebra) {A, r) is an example of a right f?-comodule (algebra) and gives 
rise to an H-comodule (algebra) via {A, t, t) . The iJ-coinvariants are obviously the same as the 
S-coinvariants and the extension A'^°^ C A is i?-Galois if and only if it is S-Galois. 

Example 3.5 K weak bialgebra ([29l[8]) has been shown to determine a left bialgebroid in ( [24l 
EU [36]). Weak comodule algebras (jSj [TBI US]) over a weak bialgebra have been shown in (|12). 
Proposition 3.9) to be equivalent to comodule algebras for the corresponding left bialgebroid. 

Now just the same way as a weak bialgebra determines a left bialgebroid, it determines also 
a right bialgebroid, and a weak Hopf algebra determines a Hopf algebroid ([9], Example 4.8). A 

^It is proven in the arXiv version and the Corrigendum of [7] that the category of right comodules of a 

Hopf algebroid W is a monoidal category, with strict monoidal forgetful functors to the comodule categories of the 
constituent bialgebroids. Consequently, an H-comodule algebra is the same as a monoid in JvC^ . 
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weak comodule algebra for the weak bialgebra is equivalent also to a comodule algebra for the 
corresponding right bialgebroid, and a weak comodule algebra for a weak Hopf algebra is equivalent 
to a comodule algebra for the corresponding Hopf algebroid. 

The coinvariants of a weak comodule algebra for a weak bialgebra are the same as its coinvari- 
ants for the corresponding left or right bialgebroid. 

A weak bialgebra extension i? C ^ is a Galois extension in the sense of [19] if and only if 
B C A is a Galois extension by the corresponding right bialgebroid. In the case of a weak Hopf 
algebra with a bijective antipode, this is equivalent also to the Galois property of B C ^ as an 
extension by the corresponding left bialgebroid. 

Example 3.6 The total algebra i? of a right bialgebroid Hb, = {H, R, s,t,j,TT) is a right Hr- 
comodule algebra via 7. We have — t{R). 

The total algebra of a left bialgebroid TIl ~ {H, L, s, t, 7, tt) is a right T^L-comodule algebra 
via 7 and H""^^ = s{L). 

For a Hopf algebroid TL ~ {HL^Ti-R, S), the total algebra is then a right 7Y-comodule algebra 
and the canonical map 

canfl : ® Hr h ^% h' ^ hh''-^^ f /i'^^) 

is bijective with inverse 

canj^^ : ®"H ^^H ®Hr h f h' ^ hS{h[^^) „?p /i'(2). 

That is, the extension Ir : H is Tii^-Galois. If the antipode S is bijective then also the 
canonical map 

caui : ® lH ^ Hl® lH h f h' ^ h^i^h' f /i(2) 
is bijective with inverse 

can^i : Hl® lH ^ ® lH hfh'^ lA^^ f S-\h"^^^)h, 

that is also the extension sl : L ^ H is T^l -Galois. 

Example 3. 7 Let 7i be a Hopf algebroid and A a right Tiij-module algebra. The smash product 
algebra [26] A x is defined as the fc-module A^- ® with multiplication 

(a X /i)(a' X /i'): ^a'^a-h"-^^) Xi hh"-^\ 

With this definition ^ x is an i?-ring via the homomorphism 

R ^ Ay\ H rt-^lyix SR{r) 

or an L°P-rmg via the anti-homomorphism 

L^A-aH / 1a X ti(/). 

One can introduce right Hl- and right Hit-comodule structures on ^ x iJ via tl- = A®^l and 
tr: = ^ f 7_R, respectively. The triple {A x H,tl,tr) is a right H-comodule algebra. We have 
{A X HY°^" = {a X lH}aeA and the canonical map 

canij : (A X iJ) f (A X iJ) ~ ® '^Hr (S^H {A yi H) f H A'^ ® "^H^ ® 

is bijective with inverse 

can^i : A^ ^H^ (E}^H ^ A^ (g) ^Hr afh^h'^af h' (2) | hS{h[^j). 

This means that the extension A C A yi H is H_R-Galois. If the antipode of H is bijective then it 
is also Hi-Galois. 
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Example 3.8 In ([25], Theorem 5.1) Kadison has shown that a depth 2 extension B C A of 
/c-algebras - if it is balanced or faithfully flat - is a Galois extension for the right bialgebroid, 
constructed in [26] on the total algebra {A f A)^ (the centralizer of B in the canonical bimodule 
AfA). 

Recall that if the extension i? C A is in addition a Frobenius extension, {A f A)^ possesses 
a Frobenius Hopf algebroid structure [9]. Extending the result of [25] considerably, Balint and 
Szlachanyi have shown in ([2], Theorem 3.7) that an extension B C A oi /c-algebras is H-Galois 
for some Frobenius Hopf algebroid Ti if and only if it is a balanced depth 2 Frobenius extension. 

4 A Kreimer-Talieuclii type theorem for Hopf algebroids 

In this section we investigate H-extensions for finitely generated projective Hopf algebroids H 
with a bijective antipode. We show that for an Ti-Galois extension B C A, the algebra A is 
projective both as a left and as a right i?-module and - under the additional assumption that 
{A f A)™^ ~ A f see below - the surjectivity of the canonical map l|3.18p implies its bijectivity. 
This is a generalization of the classical theorem for finitely generated projective Hopf algebras by 
Kreimer and Takeuchi ([22], Theorem 1.7). 

Recently Schauenburg and Schneider [33] have used new ideas to prove the Kreimer- Takeuchi 
theorem and generalizations of it. Their arguments are formulated in terms of entwining structures 
[13j over a commutative ring. In what follows we claim that the line of reasoning in [33] can be 
applied almost without modification to entwining structures over non-commutative algebras so to 
prove a Kreimer- Takeuchi type theorem for Hopf algebroids. 

As we have seen at the beginning of Section [31 a right comodule algebra A for a right R- 
bialgebroid Hr determines an entwining structure l|3.17p over R. 

Lemma 4.1 Let Ti ~ {TLl^'Hr, S) he a Hopf algebroid with bijective antipode and A be a right H- 
comodule algebra. The map in ^3. 1 7)) . corresponding to the right T-Ln-comodule algebra structure 
of A, is an isomorphism. 

Proof: The inverse of ■0 is constructed using the Hi-coaction a ^ a^o) ? ^(i) on A, as 
i^-^-.AfH^HfA ath^hS-\a^,))fa(oy 

■ 

Motivated by Lemma 14. H we study bijective entwining structures over R. We are going to 
generalize ([33], Theorem 3.1). Recall that for any entwined module M and any fc- module V , the 
/c-module f M is an entwined module via the second tensor factor. The elements oiV ® M'^°'~^ 
form a subset of (V f M)™<^. We have V f M™^ = (^ f A/)™^' if^ for example, the fc-module V 
is flat. 

Proposition 4.2 Let {A, C, V') &e a bijective entwining structure over the algebra R, such that 
the R-coring C possesses a grouplike element e. Denote the corresponding right C-coaction on A 
by a^o) f 0(1) • = "0(6 f a) and denote the subring of its coinvariants by B. Assume that C is flat 
as a left (right) R-module and projective as a right (left) C-comodule. 

(1) Suppose that {A f AY""^ = Af B and the canonical map 

can: Af A^ AfC a f a' ^ aa\„^ f a'^^^ (4.23) 

is surjective. Under these assumptions the canonical map \4-23\) is bijective. 

(2) // the canonical map Ii4.23j^ is bijective then A is projective as a right (left) B-module. 

Proof: The proof is actually the same as the proof of ([33], Theorem 3.1), so we present only a 
sketchy proof here. 

(1) Let us use the assumption that C is projective as a right C-comodule. By the bijectivity 01-0 
and the adjunction (|2.15p . for any entwined module M we have Hom2(A f C, M) ~ Hom^(C, M). 
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The forgetful functor M'^ ^ M'" is a right adjoint, hence it preserves monomorphisms. A 
morphism in any of the (comodule) categories M'^ and A^'" is an epimorphism if and only if it is 
a surj active map, hence the forgetful functor A4'^ ^ preserves also epimorphisms. Therefore, 
in light of ([E], 18.20(2)), by flatness of the left i?-module C, projectivity of the right C-comodule 
C implies projectivity of the entwined module Af C. Hence the surjective map 

AfA^AfC afa'^ aa[,^ f a\,^ (4.24) 

is a split epimorphism of entwined modules. This means that A f C is a direct summand of 
AfA. 

Notice that (A f Cy"'~^ ~ A via the isomorphism 

a:A^{Af Cf^ a^afe, 

hence the canonical map l|4.23p is related to the unit of the adjunction (|2.16p as can = ^^^^ o (a f 
A). This means that can is bijective provided bijective. Tensoring a fc-free resolution 

k 

. . .Pn ^ Pn-l ^ . ■ ■ ^ Pi ^ PO ^ A ^ 

of A with A over k, we can write Af A as the cokernel of the morphism di f A : Pi f A ^ Pq f A 
between entwined modules that are direct sums of copies of A. Functoriality of /i implies that 

^^AfA ° [(do fB)fA] = (do f A) o (Po f ^^A)■ 

Since is an isomorphism, we can use the universality of the cokernel to deflne the inverse of 
as the unique map (/): Af A^ {Af A)""^ f A^ (Af B)f A which satisfies 

k 

cj>o{^ofA)^[{^ofB)fA]oiPof^^^'). 
This proves the bijectivity of hence of the canonical map (|4.23p . 

fc 

If C is projective as a left C-comodule and fiat as a right i?-module then ip has to be replaced 
with its inverse in the above line of reasoning. 

(2) Projectivity of the right B-module A is proven from the projectivity of the right C- 
comodule C as follows. By bijectivity of the canonical map l|4.23p and using the adjunction 
(|2.16|) . for any entwined module M we have Hom*" (C,M) 2± HomsiA, M'^°'-'). Hence the functor 
Home (A, ( _ Y"^) : Mk is exact. 

Let / : (BjB ^ A be an epimorphism in A^s, for some index set /. Then / f A is an 
epimorphism in M-^ which is mapped by the functor Horns (A, ( _ )'^°'-^) to the epimorphism 
Horns (A,/) in Mk- 

In order to prove projectivity of the left B-module A from projectivity of the left C-comodule 
C, replace ip by its inverse in the above arguments. ■ 

As it has been explained to us by Tomasz Brzeziiiski, there exists an alternative, more general 
argument proving bijectivity of the canonical map l|4.23p from split surjectivity of (|4.24p in ■M'^. 
Namely, appHcation of ([IS], Theorem 2.1) to the A-coring A f C, corresponding to the R- 
entwining structure {A, C, ip) with groupHke element e G C, and its comodule M = A, implies the 
claim. Indeed, in this case condition b) of ([H], Theorem 2.1) reduces to {A f A)""^ ^ Af A""^ . 

We have formulated Proposition 14.21 (1) in terms of the assumption {A f AY°'-^ = ^f A'^°'-^ . 
It has the advantage that in certain situations (e.g. if is a field) it obviously holds true. We do 
not know, however, whether it is also a necessary condition for the claim of Proposition 14.21 (1). 
On the other hand, notice that if the canonical map l|4.23p is an isomorphism in then 

{A f Ay°^ ^{Af Cf°^ = A, (4.25) 

where B stands for A'^°^ , as before. Application of ([4^, Proposition 5.1) to the ^-coring A f 
C, corresponding to the i?-entwining structure {A, C, i/') with groupHke element e £ C, and its 
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comodule M = A, implies that the bijectivity of the canonical map l|4.23p follows from split 
surjectivity of l|4.24p also under the (sufficient and necessary) condition (|4.25p . 

Let us turn to the application of Proposition 14.21 to Hopf algebroid extensions. Let W be a 
finitely generated projective Hopf algebroid with a bijective antipode. It follows from the Funda- 
mental Theorem for Hopf algebroids ([6], Theorem 4.2, see also the Corrigendum) and the existence 
of a Hopf module structure on H* = Hom/j(i7, R) with coinvariants C{H*) ([6], Proposition 4.4), 
that for such a Hopf algebroid the map 

aL.^H®C{H*)^ H* h^%\* ^ \* ^ S{h) = \*[S{h) _] (4.26) 

is an isomorphism of Hopf modules, hence in particular of left i?-modules. (The left H-module 
structure on ® C{H*)^ is given by left multiplication in the first tensor factor, and on H* 
hy h ■ (p* : ~ (jf ^ S{h) = (f)*[S{h) _ ].) This implies that the element aJ^'^{TTji) is an invariant 
of the left i7-module ® C{H*)^ . The elements {xj C H and {A*} C C{H*) satisfying 
X^i ®p K " CKL^(^fl) c^ii be used to construct dual bases for the left *i7-module on H defined 
as *(l)^h: ^ Si?o*0(/i(2)). As a matter of fact, for A* G C{H*) we have A* o g C{*H) ([6], 
SchoHum 2.10), and *H is a right H module via *(/) h = *<f>{h _ ). We leave it to the reader to 
check that the sets {xi} C H and {A* o S -r- S-^{ _)} C .HHom(i7, *H) are dual bases, showing 
that H is a finitely generated and projective *ff-module. 

Since the antipode was assumed to be bijective, we can apply the same argument to the 
co-opposite Hopf algebroid Hcop to conclude on the finitely generated projectivity of the left H*- 
module on H defined as (j)* ^ h: = /i^^) t^o</,*(/i(i)). 

Furthermore, projectivity of i? as a left *H module implies that it is projective as a right 
Ti/j-comodule and projectivity of as a left i/*-module implies that it is projective as a left 
7i_R-comodule. These observations allow for the application of Proposition 14.21 to the entwining 
structure (|3.17p - which is bijective by Lemma SHJ 

Corollary 4.3 Let H be a finitely generated projective Hopf algebroid with a bijective antipode 
and let B C A be an H-extension. 

(1) Suppose that {A f AY°'^ ^ A® B (e.g. A is k-flat). If the canonical map 

canii : A® A-^ A® H a f a' ^ aa"'°'> f a'^^^ 

is surjective then the extension B C A is T-Lr- Galois (equivalently, TlL-Galois). 

(2) // the extension B C A is H-Galois then A is projective both as a left and as a right 
B -module. 

5 Morita theory for Hopf algebroid extensions 

As we have seen at the beginning of Section [3l an Tifl-extension B C A, for a right R -bialgebroid 
Hr, determines an A-coring structure on ^ f if. One can apply the Morita theory for corings, 
developed in [20], to this coring. In particular, if Hr is finitely generated and projective as a left 
i?-module, then Theorem 12.51 (1) can be used to obtain criteria which are equivalent to the Hr- 
Galois property of the extension B C A and the projectivity of the left S-module A. Analogously, 
one can apply Theorem [23] (1) to obtain criteria which are equivalent to the Galois property of an 
Tii-extension B C A for a finitely generated projective left bialgebroid Hl and the projectivity 
of the right B-module A. 

Applying the results of the previous sections, we prove that if H = {'Hl,'Hr, S) is a finitely 
generated projective Hopf algebroid with a bijective antipode and ^ is a right 'W-comodule algebra, 
with Hr, equivalently, T^L-coinvariant subalgebra B, then the equivalent conditions, derived from 
Theorem 12.51 (1) for i? C A as an 7ii?-extension, on one hand, and as an Hi-extension, on the 
other hand, are equivalent also to each other. 

Let Hi? = {H, R, s, t, 7, tt) be a right bialgebroid such that H is finitely generated and projective 
as a left i?-module and let ^ be a right H_R-comodule algebra. As a first step, let us identify the 
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Morita context {A ^ , *C, A, *C , v, associated to the A-coring C = A f H (as it is explained 
in Section [231). 

Recall that A - being a right 7i/?-comodule - is also a left *-ff-module via *0-a — a^"^ •*0(a^^^). 
Since the module is finitely generated and projective, *H possesses a left bialgebroid structure. 
Let us introduce the smash product algebra *i? k A as the fc-module *H ® A (where the right 
i?-module structure of *H is given by (*0 • r){h) = *(f){h)r) with multiplication 

(*0 K a)(*i/' K a'): = ^ 0(2) • a)a'- (5.27) 

With this definition *i7 k ^ is an ^-ring via the homomorphism 

lA'- A^ *H K A a (-^ TT K a. 

Define a right-right relative {A,Ti.R) -module to be an entwined module for the R -entwining 
structure l|3.17p . i.e. a right comodule for the A-coring A^ H. This means a right A-module (and 
hence in particular a right i?-module) and a right H_R-comodule M such that the compatibility 
condition 

(to • a)<°> f (to • a)<i> m<"> • a<°> f TO<i>a<i> 

holds true for any m G M and a G A. Clearly, A is itself a relative {A, ?i;jj)-module. It is 
straightforward to check that the category of relative {A, 7ifl)-modules is isomorphic to the 
category M*hixA of right *H x A-modules and the *H x A-invariants are the same as the Hr- 
coinvariants. This fact can be easily understood in view of 

Lemma 5.1 Let Hr be a right R-bialgebroid such that H is finitely generated and projective as 
a left R-module and let A be a right T-Lr- comodule algebra. Then the left, A-dual algebra of the 
A-coring A® H is isomorphic to the smash product algebra * H x A. 

Proof: The required algebra isomorphism is constructed as 

*HkA^ AHom(^ ®H,A) *0 x a ( a' f /i a(*(t>(h) ■ a) ). 



The Morita context, associated to the H.R-extension S C A, is then (B, *H^A, A, {*HkAY°'^^ 
I'R, IJ'r) with connecting maps 

VR : A {*H x ^)-«- -^B a' (^ x a,) ^ ^(*0, ■ a')a. (5.28) 

i i 

fiR : {*H X A)™^« f A^*HkA C^*(|}^^a,)f a' ^ (^-29) 

i i 

Since H is finitely generated and projective as a left i?-module, so is the left A-module A f H. 
Hence part (1) in Theorem 12.51 implies 

Proposition 5.2 Let Hr, be a right R-bialgebroid such that H is finitely generated and projective 
as a left R-module and let B C A be an TCR-extension. The following assertions are equivalent. 

(a) The map ^jlr, in ^5.29\) is surjective (and, a fortiori, bijective). 

(b) The functor ( _ )™^« : Mb is fully faithful. 

(c) A is a right *H x A-generator. 

(d) A is projective as a left B-module and the map 

*H IK A^ sEnd(A) *4> Ka^i a' >^ {*<!)■ a')a ) (5.30) 

is an algebra anti-isomorphism. 

(e) A is projective as a left B-module and the extension B C A is Ti.R-Galois. 
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The arguments leading to Theorem 15.21 can be repeated by replacing the right bialgebroid Hr 
with a left L-bialgebroid Hl such that H is finitely generated and projective as a left L-module. 
Indeed, in this case the left L-dual, possesses a right bialgebroid structure and A is a right 
*i/-module via a ■ ^(j) ~ a^o) ' *4>{0'(i))- The right A-dual of the A-coring Af H is, isomorphic to 
the smash product algebra k A, which is defined as the fc-module f A, (where the right 
L-module structure on is given by (*(/> • l){h) = ^.(j){h)l), with multiplication 

(,0 X a)(*'0 X a') : = X • 

Since A is an L°^'-ring, a left A-module is in particular a right L-module and we have the iso- 
morphism (A f H) f M ~ M f if for any left ^-module M. A left comodule for the A-coring 
A f H is then equivalent to a left A-module (hence in particular a right L-module) and a right 
Tii-comodule M such that the compatibility condition 

(a ■ ™)(0) ? (a • a(o) ■ TO(o) f a(i>»7i(i) 

holds true for m e M and a ^ A. Such modules are called left-right relative (A, HL)-modules 
and their category is denoted by a-^^ ■ It follows that the category is isomorphic also to 

,HtxA-M, the category of left ^.H k A-modules. The Morita context associated to the Tii-extension 
B d Ais {B, K A, A, {^H k AY°'^^ ,vl,pll) with connecting maps 

: {.H K ^)-«- , A^B (^ X a.) .„® . ^ E «^(°' ' *'^») (^-^l) 

AiL : A f (*i7 K A)™^^ ^ X A a' f (E*'?^^ X a,) f-* E*<?^» (5-32) 

i i 

Part (1) of Theorem 12.51 implies 

Proposition 5.3 Let Hl be a left L-bialgebroid such that H is finitely generated and projective 
as a left L-module and let B C A be an H-l- extension. The following assertions are equivalent. 

(a) The map fiL in ^5.32\) is surjective (and, a fortiori, bijective). 

(b) The functor ( _ )™^^ : aM" bM is fully faithful. 

(c) A is a left x A-generator. 

(d) A is projective as a right B-module and the map 

^HxA^EndsiA) k a ^ { a' ^ a{a' ■ A) ) (5.33) 

is an algebra isomorphism. 

(e) A is projective as a right B-module and the extension B C A is HL-Galois. 

Combining Proposition 15.21 [Ql Corollary 14. 31 and Lemma [331 we can state our main result. 

Theorem 5.4 Let H = {Hl,'Hr, S) be a finitely generated projective Hopf algebroid with a bijec- 
tive antipode and let B d A be an Ti-extension. The following assertions are equivalent. 

(a) The extension B C A is Hr -Galois. 

(b) A is projective as a left B-module and the map f 5. 30\} is an algebra anti-isomorphism. 

(c) A is a right *H k A-generator. 

(d) The functor ( _ )™^« : Mf -> Mb is fully faithful. 

(e) The map ^r in ^5.29\} is surjective (and, a fortiori, bijective). 
(a') The extension B C A is Hl -Galois. 

(b') A is projective as a right B-module and the map ( f 5. 33]) is an algebra isomorphism. 
(c') A is a left x A-generator. 

(d') The functor ( _ )'=°"^ : aM" ^ bM is fully faithful. 

(e') The map ^l in i5.32]) is surjective (and, a fortiori, bijective). 
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Proof: It follows from part (2) of Corollary 14.31 that (a) is equivalent to any of the assertions 

A is projective as a left B module and the extension S C A is Tin -Galois. (5.34) 
A is projective as a right B module and the extension B C A\s, Hr -Galois. (5.35) 

By Lemma [331 assertions (a) and (a') are equivalent and (|5.35p is equivalent to 

A is projective as a right B module and the extension B C A is Hl -Galois. (5.36) 

The rest of the proof follows from Propositions 15.21 and 15.31 ■ 

Let us mention that in ([E], Theorem 4.7) a stronger version of Theorem 12.51 (1) has been 
proven. Its application to bialgebroid extensions implies 

Proposition 5.5 LetTLn he a right R- bialgebroid such that H is finitely generated and projective 
as a left R-module and let B C A be an T-Lr- extension. The following assertions are equivalent. 

(a) The Morita context {B, *H k A, A, {*H k A)''°'^" , vr, (ir) is strict. 

(b) The functor ( _ )'=°'^« : Mb is an equivalence with inverse _ ® A: Mb ^ -^a- 

(c) The map ^5.3(f\) is an algebra anti-isomorphism and A is a left B-progenerator. 

(d) A is faithfully flat as a left B-module and the extension B C A is TiR-Galois. 

Also the analogue of Proposition 15.51 for left bialgebroid extensions can be proven. We can not 
prove, however, that for an H-extension, in the case of any finitely generated projective Hopf 
algebroid Ti with a bijective antipode, the equivalent conditions in Proposition 15.51 and their 
counterparts on the left bialgebroid of 7i are equivalent also to each other (as it was seen to be 
the case with Proposition 15.21 and 15. 3|) . El 

The Morita context [A ^ , *C, A, *C /i), associated in [20] to an A-coring C with a group- 
like element, is a generalization of the Morita context, associated to a bialgebra extension in [23] . 
In the case of a finite dimensional Hopf algebra over a field (or a Frobenius Hopf algebra over 
a commutative ring) another Morita context has been associated to a Hopf algebra extension in 
[221 El]. The relation of the two Morita contexts is of the type described in part (2) of Theorem 
12.51 In order to see what is the analogue of the Morita context of Cohen, Fishman and Mont- 
gomery in the case of Hopf algebroids, in the rest of the section we assume that H is a Frobenius 
Hopf algebroid. 

Lemma 5.6 Let H be a Frobenius Hopf algebroid and A be a left HL-module algebra. Consider 
the smash product algebra H x A, which is the k-module H f A with multiplication 

[h K a){g K a') : = gi^i^h x (^(2) • a)a' . 

The extension 

i : A ^ H tK A a 1-^ Ih <>< a 

is a Frobenius extension. 

Proof: Recall (from Section 12. ip that a Frobenius Hopf algebroid possesses non-degenerate left 
integrals. Let us fix such an integral i and denote by the unique element in iJ*, for which 
^ ^ p* = SLop»(£(-2'))^(2) = 1h- a Frobenius functional ^ : HkA ^ Ais given by /iKa p.f{h)-a. 
A Hopf algebroid calculation shows that it is an A- A bimodule map and possesses a dual basis 

(5(^(2)) ^ (^(1) ^ , 

Recall that for a Frobenius Hopf algebroid H also the left bialgebroid *H possesses a Frobenius 
Hopf algebroid structure. Applying Lemma lS^ together with part (2) of Theorem l2.5l we conclude 

''This question is answered in [l], see Proposition 16 in the Corrigendum or Proposition 4.4 in the arXiv version. 
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that the Morita context k A,A,{*H k Af""^ ,vr, ^ir)^ associated to the right TLr - 

comodule algebra structure of a right H-comodule algebra A for the Frobenius Hopf algebroid TL, 
is equivalent to the Morita context *H x A, A, A, v' , fi') with connecting maps 

v' : A .Jl^ A^ A'^"'^ a a' ^*X- {aa') (5.37) 

H' : A ^ A a a' ^ {ttr k a)(*A k 1a){ttr k a'), (5.38) 

where *A is a non-degenerate left integral in *H. 

Corollary 5.7 // we add to the conditions of Theorem \5.4\ the requirement that H be a Frobenius 
Hopf algebroid then we can add to the equivalent assertions (a)-(e' ) also 

(f) For any non- degenerate left integral *X in the Frobenius Hopf algebroid * H the map 

A® A^*H K A a f a' 1-^ (ttk K a)(*A k Ia){t^r ix a') 

is surjective (and, a fortiori, bijective). 

By ([9], Lemma 5.14), for any non-degenerate left integral £ in a Hopf algebroid H, p^,: — 
il\lH) e H^, and any element h of H, we have £(^^h f i(2) = f i(2)tL o p^{lh'^^^)S{h'^'^^). 
This implies that the image of the map l|5.38p is an ideal in *H k A. Hence - just as it has been 
proven for finite dimensional Hopf algebras in ([22]; Corollary 1.3) - we see that it is true also for 
H-extensions S C A for a Frobenius Hopf algebroid Ti. that if the /c-algebra *H v. A\s simple then 
the extension B <Z A\s H-Galois. 
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